We address the characterization of dissipative bosonic channels and show that estimation of the loss rate by Gaussian probes (coherent or squeezed) is improved in the presence of Kerr nonlinearity. In particular, enhancement of precision may be substantial for short interaction time, i.e. for media of moderate size, e.g. biological samples. We analyze in detail the behaviour of the quantum Fisher information (QFI), and determine the values of nonlinearity maximizing the QFI as a function of the interaction time and of the parameters of the input signal. We also discuss the precision achievable by photon counting and quadrature measurement and present additional results for truncated, few-photon, probe signals. Finally, we discuss the origin of the precision enhancement, showing that it cannot be linked quantitatively to the non-Gaussianity of the interacting probe signal.
I. INTRODUCTION
The characterization of quantum channels is a relevant task in quantum technology [1] [2] [3] [4] [5] [6] . In particular, characterizing lossy channels in continuous variable systems is crucial to quantify decoherence [7] , to assess quantum illumination protocols [8] [9] [10] [11] and to realize quantum reading of classical memories [12] . In some specific cases, the task is simply to discriminate between the presence or the absence of losses [13] [14] [15] , whereas, in general, a strategy to estimate the exact value of the loss is needed.
The loss rate in optical media and, in turn, the overall loss of the corresponding channels, are not observable quantities in a strict sense. As a consequence, one has to infer their value indirectly, i.e. by assessing the influence of loss on a given probing signal by measuring a suitably chosen observable. The overall choice of the probe, of the measurement, and of the data processing is usually referred to as an estimation strategy. Optimization of the estimation strategy, i.e. minimization of intrinsic and extrinsic fluctuations of the estimate, may be pursued upon employing quantum estimation theory [16] [17] [18] [19] , which provides constructive tools to determine the initial state of the quantum probe and the optimal measurement to be performed at the output. The ultimate bound on precision is set by the quantum Cramèr-Rao inequality, written in terms of the so-called quantum Fisher information.
In the last decades, much attention has been devoted to the estimation of loss with different initial preparations of the probes. Optimization over Gaussian input states has been performed [20] , showing that ultimate precision may be achieved using photon counting and Gaussian operations at the out- * matteo.rossi@unimi.it; http://users.unimi.it/aqm † francesco.albarelli@unimi.it; http://users.unimi.it/aqm ‡ matteo.paris@fisica.unimi.it; http://users.unimi.it/aqm put. Fock states have also been shown to saturate the ultimate bound on precision [4, 21] , whereas the performances of thermal states have been recently investigated [22] . The general scenario of lossy media probed by Gaussian signals at finite temperature has been considered [23] , showing that a two-mode squeezed vacuum state is optimal for estimating both the loss parameter and the thermal noise. The benefit of using entanglement in a specific interferometric setup has also been discussed [24] . Recently the problem of estimating both the loss and the phase shift in interferometry has been addressed [25] , as well as the related problem of estimating the efficiency of realistic detectors [26, 27] .
So far, attention has been focused on Gaussian lossy channels where dissipation is due to linear coupling of the a radiation mode to the environment, modeled as a bath of external oscillators. On the other hand, optical media where light propagates, such as gasses, biological samples or optical fibers, may be characterized also by a (usually small) non-linear response to the electromagnetic field. A question thus arises on whether estimation of linear loss in the presence of nonlinearity is enhanced, or not, compared to the pure linear case. Here, we address this question, by considering systems where besides dissipation due to linear coupling to the environment, some form of nonlinearity is present. In particular, we focus on self-Kerr interaction [28] , occurring during propagation of radiation in a nonlinear medium with non negligible cubic nonlinearity. The Kerr effect has been widely studied in quantum optics either at zero [29] or at finite temperature [30] , and attracted interest because it can be employed to generate Schrödinger cat-like states [31] [32] [33] [34] [35] . Nonlinearity of optical fibers has been discussed for it negative impact on the channel capacity [36] , whereas its role as a resource in the estimation of losses has not been assesed so far.
As a matter of fact, the presence of non-linear effects has been already recognized as a resource for quantum estimation, since it allows one to achieve high precision by using arXiv:1602.07626v1 [quant-ph] 24 Feb 2016 robust classical probe states, instead of fragile nonclassical states [37] [38] [39] . In particular, Kerr-type nonlinearity may be exploited for estimation of squeezing and displacement of a Gaussian state [40] and to improve Michaelson interferometry [41] .
In this paper, we analyze in detail estimation of loss in the presence of Kerr nonlinearity. We focus mostly on estimation strategies based on Gaussian probes (coherent and squeezed vacuum states), while also briefly examining the use of few-photon probes, the simplest nontrivial ones being optical qutrits. Overall, our results indicate that the presence of Kerr nonlinearity always enhances estimation, improving precision compared to the pure linear case.
In particular, by focussing attention on the estimation of the loss rate parameter of the channel rather than the overall loss (which also includes the interaction time), we make the time dependence explicit. This is a relevant feature of our analysis since dissipation and nonlinearity set two different time scales in the evolution of the probe state. In this way, we address both regimes of "short" and "long" interaction times, showing that i) nonlinearity always improves estimation; ii) enhancement of precision may be substantial for short interaction time, i.e. for media of moderate size.
The paper is structured as follows: in Section II we briefly review the main tools of quantum estimation theory in order to establish the notation. In Section III we present in detail the interaction model we are dealing with, whereas in Section IV we discuss the solution of the problem in the absence of nonlinearities. In Sec V we give an approximate, analytic, solution for the estimation problem with coherent probes, which holds when the Kerr coupling is much smaller than the loss parameter, and present a detailed numerical study for the general case. We also briefly analyze the use of optical qutrit probes and discuss whether non-Gaussianity plays a role in the estimation procedure. Section VI closes the paper with some concluding remarks.
II. QUANTUM ESTIMATION THEORY
Here we briefly review local estimation theory and its generalization to quantum systems [18] . In an estimation procedure we want to infer the value of a parameter, say γ, from the data collected by n measurements, {x 1 , . . . , x n }. We thus build an estimatorγ({x 1 , . . . , x n }), that is a function of the outcomes of the measurements. The estimated value of the parameter will be characterized by a statistical error δγ, which is bounded from below by the Cramèr-Rao inequality [42] 
where N is the size of the sample data and F(γ) is the classical Fisher information (FI), defined as
In Eq. (2) p(x|γ) is the probability that the outcome of a measurement is x when the value of the parameter is γ, and · is the expected value over the probability distribution p(x|γ). If the system is quantum, then p(x|γ) = Tr(ρ γ Π x ), where ρ γ is the density operator and Π x is the POVM operator for the outcome x. By introducing the logarithmic symmetric derivative L γ , satisfying 2∂ γ ρ γ = L γ ρ γ + ρ γ L γ , we can rewrite Eq. (2) as
By maximizing F(γ) over all possible quantum measurements on the systems we obtain the quantum Fisher information (QFI) H(γ), which has the following expression [18] :
We can thus write a quantum version of the Cramèr-Rao bound,
which gives the ultimate precision achievable on the estimation of γ with a quantum measurement. The QFI can be calculated explicitly after a diagonalization of the density operator. Upon writing ρ γ = n p n |ψ n ψ n |, we get
where the sum is carried out over all n and m such that p n + p m 0. If the state of the quantum system is pure, ρ γ = |ψ γ ψ γ |, Eq. (6) reduces to
III. THE INTERACTION MODEL
In this work we consider a lossy bosonic channel with a loss rate parameter γ, which is the quantity that we want to estimate, where non-linear Kerr effect with couplingλ is present. In the absence of any non-linear effect and working in the interaction picture, the density operator ρ for a single bosonic mode in the channel satisfies a Lindblad master equation of the form
where a is the annihilation operator in the Fock space of the bosonic mode and L is the Lindblad operator. This equation can be obtained, for instance, from the interaction of the bosonic mode with a bath of harmonic oscillators at zero temperature. The evolution through a Gaussian lossy channel can also be represented as the interaction of the input state with a beam splitter [43] , i.e. a bilinear evolution operator
; the auxiliary mode b is traced out at the end and it is initially in its vacuum state. This picture is connected to the master equation (8) by the relation tan 2 φ = e γt − 1; as a matter of fact in previous works [20, 21 ] the estimation of γ was recast as the estimation of φ.
The Kerr interacton is described by a non-linear term in the Hamiltonian of the system, namely
To take into account this effect, the master equation in Eq. (8) now becomes
Upon rescaling the quantities with respect to the loss parameter γ
we arrive at
which corresponds to the following system of equations for the matrix elements of ρ:
The solution for the ρ p,q can be found easily if the initial state is a coherent state, ρ 0 = |α α|. It reads
where
We will also consider the case of a squeezed vacuum initial state ρ 0 = |r r|, where we restrict to a real squeezing parameter r, so that the squeezing operator reads S (r) = exp 1 2 r 2 (a †2 − a 2 ) . The explicit analytical expression of the matrix elements of the solution with this initial state can be found in Refs. [44, 45] , but the matrix elements are known also for arbitrary initial states [46, 47] . Notice that for the lossy channel (i.e. a thermal bath at zero temperature) these analytical expressions of the matrix elements are suitable for a numerical computation of the values of the relevant observables. As a matter of fact it is possible to work in a truncated Hilbert space in the Fock basis, since the loss only drives the system into smaller subspaces; this would not be possible if we considered both loss and noise (i.e. a bath with finite temperature). Notice also that ρ(τ) is in general a mixed state and cannot be diagonalized explicitly, such that an analytic expression for the quantum Fisher information is not available.
We start our analysis by reviewing the analytic solutions when the Kerr effect is not present (i.e. λ = 0), and then discuss approximate and numerical solutions for the general case of λ 0. The graph reflects the general fact that a Fock state is always optimal and for τ → 0 the optimal Gaussian state is the squeezed vacuum, while for greater values a coherent state allows for a better estimation.
IV. SOLUTION IN THE ABSENCE OF NON-LINEAR EFFECTS
When λ = 0, i.e. the non-linear effects are absent, the channel is Gaussian and in particular a coherent probe state remains pure and coherent during the evolution:
An analytic expression for the QFI is easily obtained using Eq. (7):
while for the squeezed vacuum the solution is [20] :
wheren = |α| 2 for the coherent state andn = sinh 2 r for the squeezed vacuum. We also report the QFI for Fock probe states |n , which is optimal when the mean energy is an integer (n = n):
.
Notice that in general the quantum signal-to-noise ratio (QSNR) γ 2 H γ (τ) does not depend on γ: this means that the bound on the relative error on the estimation of γ is constant.
In Figure 1 we represent the plots of the QFI for the three probe states; this also sums up previous results [20, 21] by showing that for small losses the optimal Gaussian state is the squeezed vacuum, for higher losses a coherent state is better, while a Fock state is optimal for every τ. Moreover, we observe that in general H γ (τ) vanishes for τ 1 and has a global maximum at a certain time τ. This means that if one is able to control the interaction time in an experiment, setting it to τ allows for optimal estimation of γ. In particular for the coherent state the optimal time is τ = 2, with the following optimal value:
As a matter of fact, for coherent states the QFI is saturated by photon-number and a quadrature measurement. Let us compute the Fisher information (FI) for these two measurements: The probability distribution for a photon counting experiment for the state is a Poisson distribution with mean µ = |αe −τ/2 | 2 . The FI for a Poissonian is µ −1 , hence, using the chain rule of derivatives, we get
The probability distribution for the quadrature measurement
and hence the Fisher information, Eq. (2), is We see that F x (γ, t) = H γ (t) as long as α is chosen to be real. If α has a complex phase it suffices to choose the proper quadrature or to apply a phase shift to the coherent state to saturate the QFI.
V. SOLUTION IN THE PRESENCE OF KERR EFFECT
As stated in Section III, with λ 0 the state ρ(τ) is a mixed state and not explicitly diagonalizable. In the following, we present an approximate solution for the coherent probe state, valid in the regime of small λ and τ, in which the state of the system remains pure and it is thus possible to get an analytical expression for the QFI. Then we show numerical results obtained from a truncation of the Fock space for both coherent and squeezed vacuum probe states. The results are presented both for the optimal time and small time cases; at optimal time only the coherent input is considered since the optimal value of the QFI is always greater than the optimal value of the squeezed vacuum QFI. This fact can be seen in Fig. 2 , where we show the behavior of the QFI with and without Kerr interaction for both the Gaussian probes we are considering. From the particular choice of parameters in Fig. 2 we see that the QFI with nonlinear interaction always has a greater value: we will show that this is true in general.
A. Pure state approximation
When we work with a coherent input state and the nonlinear effect is small compared to the loss parameter, i.e. when λ 1, the state of the system can still be approximated with a pure state for small τ. Expansion of the exponent of e in Eq. (14) to the first order in λ and then expansion to the second order of τ yields
This is the lowest order of expansion for which we obtain a correction to the quantum Fisher information of Eq. (16). The QFI computed for ρ p,q (τ) of Eq. (23) is
We notice that H 
The optimal time, up to the second order in λ, is
and the corresponding optimal QFI is
so the optimal relative gain G λ ≡ H λ,γ /H γ − 1 is
Equations (25) and (28) show that the correction to the QFI due to the presence of a small non-linear effect is positive and increases with λ 2 . This means that the nonlinearity of the dispersive medium can be a resource in the estimation of the loss parameter.
The fidelity of the approximate state of Eq. (23) to the exact state (after a truncation of the density matrix) is shown in Fig.  3 as a function of τ and λ, for two values of |α|. The pure state approximation is good for a wide range of parameters only if the energy of the initial state is not too big, so that fidelity is close to one [48, 49] . This means that the analytical expression of the optimal relative gain (28) is good only for small energies, while at a fixed small time τ 1 the relative gain (25) is a good approximation even for higher input energies.
In Subsection V B we calculate the QFI numerically for general values of λ and α, in order to verify the increase of the QFI also for regions where the pure-state approximation does not hold.
B. Numerical results
As the density matrix cannot be diagonalized in general and the Fock space is infinite-dimensional, in order to evaluate the QFI we resort to numerical diagonalization of the density matrix in a truncated Fock space. The truncation size, which depends on the input energy, is chosen in such a way that the difference between the analytical and the numerical QFI for λ = 0 must be less than 0.001%. On the left, a 3D plot, on the right the corresponding contour plot. We can see that the gain is always greater than zero, vanishing for large λ and α. We can identify two regimes: The first regime, visible in the upper panels when α 2 is characterized by the presence of local maxima of the gain, which reaches values of about 2%. For large λ the improvement reaches a non-vanishing asymptotical value. In the second regime, visible in the lower panels, at fixed α the gain has a single maximum with respect to λ. As α increases, the maximum moves to smaller values of λ, but G increases.
Optimal QFI
The behavior of the QFI as a function of time for fixed λ and α is shown in Fig. 2 . The QFI starts from zero and reaches a maximum, then vanishes as τ increases and the system reaches the zero-photon state |0 . Assuming that we are able to control the interaction time of the probe with the channel, we can consider as a figure of merit the optimal QFI, i.e. the maximum of H λ,γ (t) over time.
In Fig. 4 we show the optimal relative gain in the estimation of γ. The first notable result is the confirmation of the results obtained in the pure state approximation: the optimal QFI in presence of non-linearity is always greater than without Kerr effect, i.e. the optimal relative gain is always greater than zero. It vanishes for increasing α and λ and for α → 0.
By looking at the panels of Fig. 4 , we can identify two regimes. The first regime, for α 2, is characterized by the presence of local maxima of the gain. At fixed α, the maxima occur periodically, with G reaching an asymptotic value for λ → ∞. In the second regime, for α 2, there is a single local maximum for the gain at fixed α. For increasing α, the optimal λ decreases, but G increases. It is not clear if there is a local maximum for α greater than the values under investigation or if this behavior will persist for α → ∞, and, in the latter case, : the relative gain increases with α and λ until it reaches a maximal value, but at small τ the relative gain is much higher than at the optimal time. For the squeezed vacuum state the gain is smaller as τ gets smaller (cfr. Fig. 2 ).
if G increases indefinitely or saturates with α.
Small time QFI
Now instead of studying the QFI maximized over time we look at the behavior at a fixed time, in particular we focus on times smaller than the characteristic time of the loss, i.e. τ < 1, as an example we study three cases τ = 0.5, 0.1, 0.01. This regime is of interest for media of moderate size, such as biological samples.
In this setting the improvement brought by the nonlinear interaction can be substantial. In Fig. 5 we show the results for a coherent probe state (top row) and for a squeezed vacuum probe state (bottom row). For the squeezed probe we restricted the computation to a smaller range of mean input energies, as the dimension of the truncated Hilbert space needed to obtain a good approximation grows much more rapidly.
By looking at the top-left panel in Fig. 5 , the one for τ = 0.5, we notice a similar structure to the one in Fig. 4 , albeit rescaled. We found that fixing the time parameter τ changes the scaling in the α − λ (orn − λ) plane; however, it was not possible to explicitly see this scaling from the analytical expressions of the states.
The improvement due to the Kerr nonlinearity is much more relevant at times which do not correspond to the optimal time, indeed in Fig. 2 we see that the maxima of the graph in the inset panel do not correspond to the ones in the main graph. Moreover, even if the behavior of different input states is slightly different, the most relevant improvement is always obtained for τ < 1, this is due to the fact that the value of the QFI at those times is smaller, so that a slight improvement in the absolute value brings a great relative gain.
FI for the quadrature measurement with coherent probe
Although the optimal QFI is improved by the Kerr effect, we need to find the actual measurement that reaches the quantum bound. In Section IV we showed that for a coherent probe both photon counting and quadrature measurement are optimal when λ = 0, however they are not optimal if the nonlinear term is present. Indeed, photon counting is not affected at all by the Kerr effect, as the diagonal elements of the density matrix are independent of λ. For this reason we study numerically the effect of nonlinearity on a quadrature measurement. We present the results for a coherent probe state; the analysis is less interesting for a squeezed vacuum probe as the optimal measurement in the linear case is not just a quadrature measurement, but is given by Gaussian operations and photon counting [20] .
We found that in general the quadrature measurement is not optimal, i.e. the Fisher information is always lower than the QFI. This fact is presented in the left panel of Fig. 6 , for measurements at the optimal time, where the ratio R = F x (τ)/H γ (λ) is shown. Here H γ (λ) is the optimal QFI and F x (τ) is the FI of the quadrature measurement at the time τ that optimizes the QFI, after an optimization over the quadrature phase (the optimal quadrature phase depends on α and λ). The ratio is close to one only for λ close to zero or α 1. For (16)). The quadrature measurement in presence on Kerr effect achieves increasingly better performances for increasing values of λ and α, even if the ratio has a slightly oscillating behaviour and there are some regions in which R < 1, i.e. the Kerr effect is slightly detrimental.
increasing α and λ the ratio appears to tend asymptotically to 1/3.
In the small time regime a quadrature measurement is still sub-optimal in presence of nonlinearity, however in some cases such a measurement can perform better than the best possible measurement in the linear case, because the relative improvement of the QFI in this regime is substantial.
In particular, this behaviour seems to increase with increasing nonlinearity λ and increasing input energy α, however we can see from the right panel of Fig. 6 that oscillations are present and there are small regions where a quadrature measurement does not give an improvement, i.e. R < 1.
C. Results with optical qutrit states
One may wonder what happens if the optimal Fock states are used as probes, instead of Gaussian states.
The obvious answer is that the Kerr nonlinear term (a † a) 2 does not affect single Fock states, but also a simple superpositions of the form a|0 + b|n is not affected. The most simple superposition affected by the nonlinear evolution is the optical qutrit state cos θ|0 + e iµ sin θ sin ϕ|1 + e iν sin θ cos ϕ|2 ,
where θ is fixed by choosing the mean energyn as the relevant parameter, so that θ = arcsin 2n/(3 + cos 2ϕ).
In the Gaussian lossy evolution, without Kerr nonlinearity, these qutrit states approximate the optimal non-Gaussian states when the mean energyn is not an integer; this is particularly important for the low energy regimen < 1 [21] .
In general, the maximum value of the QFI obtainable with the state (29) is the same regardless of the Kerr term in the evolution, but the maximum happens for different values of the initial parameters and at a different time. This is due to , while the phases are fixed µ = ν = π and θ is fixed by the choice of the mean energȳ n.
the fact that during the evolution the system is constrained to remain in the subspace of dimension three; so if we optimize on every possible parameter there is no room for improvement left.
However in order to achieve the maximal QFI one should be able to tune the value of the initial parameters for every mean energyn, and in the nonlinear case also for every value of λ. In particular in the linear case the result must be optimized only over the parameter ϕ, since the relative phases µ and ν give an optimal result for the value π.
We thus resort to work in a setting similar to the one used to study the optimal gain for the coherent states: given a fixed initial state we check if the nonlinear evolution brings an improvement. In particular we fix µ = ν = π and we check the behaviour of the quantum Fisher information for different values of ϕ, while optimizing over time t. The results are in Fig. 7 : we find that on average the nonlinear terms brings an improvement for values of λ ≈ 1, i.e. when the nonlinear parameter is approximately equal to the loss parameter to estimate. For higher values of λ we have an oscillatory behaviour and on average the nonlinearity can also be detrimental.
We also found that at fixed small times the nonlinear Kerr term does not always bring an improvement on average when using qutrit states.
D. Discussion
The nonlinear Kerr interaction makes the initial Gaussian probe non-Gaussian during the evolution and a question arises on whether the observed increase of the QFI may be quantitatively linked to some quantifier of non-Gaussianity [50] . Indeed, it would be desirable to identify the proper resource which guarantees the improvement in the estimation by means of a nonlinear interaction, since this would represent a guideline to engineer optimal estimation schemes. On the other hand also a qualitative indicator to assess the effectiveness of Kerr interaction to enhance precision may be useful.
In previous works it has been conjectured [21] that a family of optimal non-Gaussian states exists for any fixed energy, but the authors remark that non-Gaussianity in itself cannot be a resource since there are non-Gaussian states which are far less efficient probes than the optimal Gaussian ones. Hereby we confirm that result. In fact, during its evolution a Gaussian input state first becomes non-Gaussian and then it evolves towards the Gaussian state |0 , which is the stationary state. This qualitative behaviour is also shown by the relative gain in the estimation of γ, as can be seen in Fig. 2 . These two quantities, however, do not have a quantitative relation in general, e.g. states leading to the largest improvement at optimal time are not the most non-Gaussian.
Overall, our results show that while the evolution drives the Gaussian input into a set of non-Gaussian states which are more sensitive to loss detection, non-Gaussianity is not a resource in itself. This idea is confirmed by looking at the behaviour of qutrit probe states, which are already highly nonGaussian: there we find evidences that the Kerr interaction may be detrimental in some regimes, whereas when an improvement is present, the states are non necessarily more nonGaussian.
VI. CONCLUSIONS
In conclusion, we have addressed the characterization of dissipative bosonic channels in the presence of nonlinearity and shown that the estimation of the loss rate by coherent or squeezed probes is improved in the presence of Kerr nonlinearity. In particular, enhancement of precision may be substantial for short interaction time, i.e. for media of moderate size, whereas for larger media the improvement is asymptotically negligible.
We have analyzed in detail the behaviour of the quantum Fisher information (QFI), and have found the values of nonlinearity maximizing the QFI as a function of the interaction time and of the parameters of the input signal. We have also shown that Ker nonlinearity may be helpful also using few photon probes as optical qutrits.
We have discussed the precision achievable by photon counting and quadrature measurement, showing that they cannot, in general, achieve the QFI in the presence of nonlinearity. On the other hand, for short interaction times even this suboptimal measurement offers a precision improvement compared to the linear case.
Finally, we have discussed the possible origin of the precision enhancement, showing that it cannot be linked quantitatively to the non-Gaussianity of the interacting probe signal.
